ABSTRACT Cydia Pomonella has great influence on the output and quality of apple, therefore, it is an interesting subject to find out the optimum control strategy of Cydia Pomonella. A Cydia Pomonella integrated management predator-prey model with Smith growth and linear feedback control is established in this paper, and the pulse parameter linearity is dependent on controlling level. Firstly, we prove the existence and uniqueness of order one periodic solution (OOPS) by using differential equation geometry theory and successor function method. Secondly, the stability of OOPS is proved by using the geometric method. Finally, with the discussion of different parameters, we verify the theoretical results by numerical simulations, and demonstrate the advantages and disadvantages of biological control strategy, chemical control strategy and integrated control strategy. Moreover, the optimization model with minimum cost is established by using OOPS and optimal control level of the model is obtained.
I. INTRODUCTION
Apple is one of the four most famous fruits in the world. It can supply the body with necessary nutritious elements, besides, it has very rich medicinal value and a lot of therapeutic effects. However, the output and quality of apple are greatly influenced by Cydia Pomonella. Because Cydia Pomonella is a kind of omnivorous drill borer, and it has very strong adaptability, resistance, and reproductive performance, and it has been spread extensively in almost all of the apple-producing areas of six continents in the world. It is a kind of destructive pest of kernel fruit trees, and it has serious influence on the productivity and selling of the fruits at home and abroad. Consequently, in order to decrease the management cost and ensure the quality and quantity of apple, we need to establish a practical biologic mathematical model and do the research of the controlling strategy of Cydia Pomonella.
The associate editor coordinating the review of this article and approving it for publication was Bing Li. In biological mathematics, Logistic growth model
is a simple but important biological system and it is built up on the basis of the assumption that relative growth rate of population size dx xdt is linear function 1 −
x K of population size, where x(t) denotes the densities of population at time t, r is the intrinsic rate of growth, and K is the constant carrying capacity. A lot of scholars have established many models with logistic growth including Beddington-DeAngelis type [1] , Holling type [2] - [4] , ratio-dependent type [5] and they also have obtained some dynamical properties. Some scholars believe that, to a certain extent, Logistic equations confirmed the logical pattern of population growth and the limited resources, however, individual reproduction and nutrition supply has not been taken into consideration. Logistic growth model is mainly applied to low biological population, such as bacteria, yeasts, and floating algae etc [6] . In 1963, Smith studied a kind of algae called Daphnia in the lab. He found out that the relevant data of this population did not accord with linear rule [7] . Smith assumed that the relative growth rate of the population density at time t is proportional to the amount of remaining food at that time. i.e.
where G is the rate of food demand of a population with a population density of x at time t. ν is the demand rate for food when the population reaches the saturation state. Smith supposed that the food consumed by the population was mainly the food needed to sustain the organism itself: c 1 x(t) and the food needed for the population to reproduce: c 2 dx dt . That is, the food F(x) consumed by the population can be expressed as
When x(t) = K , the population no longer grows, the food is only used for survival:
Smith model used hyperbolic function ν−c 1 x ν+rc 2 x to replace linear function in Logistic model. It is a further improvement of Logistics model.
Because there are many interactions between the prey and the predator [9] , [10] , [46] , so we assume that the predation is linearly dependent on the Cydia Pomonella and Trichogramma densities with a predation coefficient q, i.e. qx(t)y(t), and assume that the per capita conversion rate from Cydia Pomonella to Trichogramma is saturated, i.e.
lx(t)y(t)
x(t)+b . The Cydia Pomonella studied in this paper and the Daphnia are both arthropods, so we think that Cydia Pomonella is suitable for Simith growth rate [7] . In addition, we know that Trichogramma belongs to invertebrates and invertebrates can be described by Holling Type II functional response function [8] , so we think that Trichogramma can be described by Holling Type II functional response function. Therefore, a predator-prey model with Smith growth is structured as follows:
where [11] , [12] . This kind of method has very quick and obvious effect and it is not very much limited by the regions and seasons, but the natural enemies and the useful organisms are easily killed by large quantity of pesticides, and the secondary insects will prevail. At the meantime, chemical control has a great impact on both human health and the environment. Biological control is a kind of pests control method by using the methods of natural enemies preying on pests and virus prevention and some other measures [13] - [18] . This method do no harm to the natural enemies, and is very friendly to the environment, but it alters the biological structure, so it is only put into use when the quantity of insects is not so large. Integrated pest management(IPM) combines the chemical control and biological control, and this method encourages to control the pests within economic threshold, not to exterminate the pests [10] , [22] - [27] .
However, with the diversity of human intervention, the control strategy of pests will lead to the fundamental change of species population, and this phenomenon exists in many dynamic systems. These phenomena can all be described by impulsive differential equations [28] . On the basis of this theory, a lot of researchers have established human intervention model with periodic impulse, for example, periodic spraying of pesticides combined with periodic release of infected pests [29] - [32] , periodic release of natural enemies and infected pests [33] - [38] , periodic release of natural enemies [19] - [21] , [39] - [41] , regular release of pests infected with the disease [42] - [46] . We assume that the control action in the above-mentioned models is carried out at the same pest level. Zhang and Chen [47] , Zhao et al. [48] , Wang et al. [49] , [50] studied the control action which is carried out on different pest levels. We will consider the control strategy when the number of Cydia Pomonella is between two control levels.
The organization of this article is as follows. In Section 2, a Cydia Pomonella integrated management predator-prey model is structured, and qualitative analysis of the model is given. The existence, uniqueness and asymptotic stability of the OOPS of system (2) are proved in Section 3. In Section 4, numerical simulations of specific model are performed to complement our theoretical results. Furthermore, in order to reduce the total cost of Cydia Pomonella control, we formulate the optimization problem. The final conclusion is drawn in Section 5.
II. CYDIA POMONELLA MANAGEMENT MODEL AND QUALITATIVE ANALYSIS OF SYSTEM (1)
Based on the above introduction, the interaction between Cydia Pomonella and Trichogrammatid is taken as examples. VOLUME 7, 2019 We establish the following pulse feedback control predatorprey model with Smith growth.
where ET ∈ [SHT , EIT ] denotes the threshold of Cydia Pomonella, SHT is the biological control level(i.e. the threshold with slight damage to the apple), EIT is the chemical control level (i.e. Cydia Pomonella economic harm level). We adopt the integrated control strategy when x = ET . y represents Trichogrammatid threshold at Cydia Pomonella level ET . δ(x) is defined as the number of artificial Tri-
In this paper, the functions δ(x), b(x), c(x) are linearly dependent on the Cydia Pomonella control level x ET [52] , . Furthermore, E 0 (0, 0) and E 1 ( p r , 0) are saddle points, and E * (x * , y * ) is a node or focus which is locally asymptotically stable (see Fig. 1 ).
Proof: It is easy to prove that E 0 (0, 0) is always a saddle point. The Jacobian matrix at E 1 (
By calculations, we shall get
by calculations, we have
then E * (x * , y * ) is a locally asymptotically stable node or focus.
For system (2), set M = {(x, y)|x = ET , 0 ≤ y ≤ȳ} and set N = {(x, y)|x 
III. DYNAMICAL ANALYSIS OF SYSTEM (2)
A. EXISTENCE OF THE ORDER ONE PERIODIC SOLUTION OF SYSTEM (2) 1) CASE I:
} hold, then system (2) admits a unique OOPS. Proof: Assume that the isoclinic line l 2 intersects with the phase set N at the point B(x B , y B ), where
σ . The trajectory 126068 VOLUME 7, 2019 FIGURE 2. The existence of the OOPS of system (2) 
, then B + coincides with B and the successor function of B is f (B) = y B + − y B = 0, so system (2) admits an OOPS BB − B + (see Fig. 2(a) ).
If 
According to [53, Theorem 2.2] , there is a point P * located in DB and meets f (P * ) = 0. Therefore, system (2) possesses an OOPS (see Fig. 2(b) ).
(ii):
In this case, we shall get that point B + is above there is a point P * that locates in BB + and meets f (P * ) = 0. Therefore, system (2) admits an OOPS (see Fig. 2(c) ). Now, we discuss the uniqueness of OOPS of system (2). First, the uniqueness of OOPS of system (2) in the case of σ ≥ (1 − b(ET ))y G − (ET , B) + δ(ET ) is proved. We assume that there exist two OOPSs P 1 P − 1 P + 1 and P 2 P − 2 P + 2 with points P 1 ∈ DB and P 2 ∈ DB, that is to say,
where y P 1 < y P 2 .
where l(y) = > 0. Thus l(y 1 ) < l(y 2 ), i.e., d P 1 P 2 (x) < 0. According to the above analysis, we can get
which leads to a contradiction. Therefore, the OOPS is unique
, there is a point P * ∈ BB + , which makes the trajectory P * P − * P * the OOPS, VOLUME 7, 2019 that is to say, y P + * = y P * = (1 − b(ET ))y P − * + δ(ET ). For any point P ∈ BB + , the successor function of point P is
that is,
There is f (P ) < 0 for any P ∈ BB + with y P > y P * and f (P ) > 0 for any P ∈ BB + with y P < y P * . Thus the OOPS is unique in the case of Proof:
According to the magnitudes between ET and τ 0 , two cases are discussed: (i): ET > τ 0
The trajectory with the initial point D will approach the stationary point E * after time t. For any points in the region will go on approaching the point E * . Therefore, there does not exist an OOPS in this case.
(ii):ET ≤ τ 0 . We denote that the isoclinic line l 2 intersects the impulse set M at the point C. The trajectory passing point C intersects the phase set x = (1−c(ET ))ET at the point A 1 and B 1 , where point A 1 and B 1 are located above and below isoclinic line dx dt = 0, respectively. The successor point of point A 1 is point A + 1 . By applying a similar method of Theorem 3.1, we can prove the existence and uniqueness of OOPS (see Fig. 3 ).
B. STABILITY OF THE ORDER ONE PERIODIC SOLUTION
Next, we prove the stability of the OOPS by using the geometric method. Considering system (4),
we denote that the trajectory of OOPS of system (4) is PQ, and the period is T . For any constant ε > 0, we choose a (2) in case II.
point P 1 (x P 1 , y P 1 ), where x P 1 = (1 − c(ET ))ET and y P 1 ∈ (y P , y P + ε). The trajectory ϕ(t, P 1 ) with starting point P 1 intersects the impulse set at the point Q 1 , then point Q 1 jumps to the point P + 1 after the impulse effects (see Fig. 4 ). The normal lines at the point P and Q intersect the trajectory P 1 Q 1 at the point P 0 and Q 0 , respectively. And these two normals are denoted as − → n 1 and − → n 2 , respectively. Let 
Let α and β be the angles between the normal line − → n 1 and the y-axial, − → n 2 and the y-axial. Because point P 1 is close enough to point P, we get
Because the tangent line − → τ 1 of the trajectory PQ at point
. So we get Now, impulsive effects would be considered.
So we can prove that the OOPS is asymptotically stable on the upper side of the region.
Similarly, the OOPS is asymptotically stable on the lower side of the region. And then we have the following theorem: Theorem 3.3: Suppose that system (4) has a periodic trajectory PQ with point P and point Q locate in phase set and impulse set respectively. Let
If |µ| = |(1 − b(ET ))µ 0 | < 1, then the OOPS of the system (2) is orbitally asymptotically stable.
IV. SIMULATIONS AND OPTIMIZATION A. NUMERICAL SIMULATIONS
In this paper, we construct a pulse feedback control predator-prey model with Smith growth. We prove the existence, uniqueness and stability of the OOPS of system (2). We give a special example to verify the theoretical results in this section. For the specific model with a simple calculation, the internal equilibrium of the free system is E * (x * , y * ) = (0.267, 0.498), which is orbitally asymptotically stable. let SHT = 0. Firstly, the biological control strategy, the chemical control strategy and the integrated control strategy are compared by numerical simulation and are illustrated in Fig.5 . Fig.5 shows that the integrated control strategy is more effective than biological control strategy and chemical control strategy in Cydia Pomonella management.
For case I in Sect 3.1.1, the Cydia Pomonella control level is selected as ET = 0.2. The phase portrait of Cydia Pomonella density and Trichogrammatid density and time series starting from (x 0 , y 0 ) = (0.15, 0.6) are showed in Fig.6 . It shows that the trajectory admits the OOPS. For case II in Sect 3.1.2, the Cydia Pomonella control level is selected as ET = 0.35. The phase portrait of Cydia Pomonella density and Trichogrammatid density and time series starting from (x 0 , y 0 ) = (0.15, 0.5) are showed in Fig.7 . It shows that the trajectory tends to be periodic (i.e., the OOPS exists). For a little higher Cydia Pomonella control level, such as, ET = 0.4, the phase portrait of Cydia Pomonella density and Trichogrammatid density and time series starting from (x 0 , y 0 ) = (0.15, 0.5) are shown in Fig.8 and it shows that the trajectory tends to the positive equilibrium E * (x * , y * ) = (0.267, 0.498). 
The optimum economic threshold ET * is obtained after solving the objective function problem, which results in the optimum release amount of the Trichogrammatid δ * = δ(ET * ), the optimal chemical control strength c * = c(ET * ) and the optimal control period of chemical control is T * = T (δ * , c * ). Certainly, it should be pointed out that the optimum Cydia Pomonella control level ET is dependent on the ratio of ζ =
The impulse period T of the OOPS varies with the Cydia Pomonella control level ET , as is shown in Fig.9 ( parameter values are presented in Table. 1), and the cost per unit time Fig.9 and Fig.10 , the optimal Cydia Pomonella threshold is ET * = 0.3, the optimal chemical control strength is c * = c(ET * ) = 0.5, the optimal release amount of the Trichogrammatid is δ * = δ(ET * ) = 0.4, and the optimum frequency of the chemical control is T * = 15.42. According to Fig.11 , we shall get that the 
V. CONCLUSION
The interaction between Cydia Pomonella and Trichogrammatid is taken as examples in this paper. We establish a pest integrated management predator-prey model with Smith growth and pulse feedback control. Cydia Pomonella integrated management strategy is adopted between the biological control level and the chemical control level. The purpose of this study is to obtain the optimal control level of the Cydia Pomonella and minimize the cost of Cydia Pomonella control.
Based on the above analysis, the OOPS always exists for any release amount of the Trichogrammatid and chemical control strength if the Cydia Pomonella control level ET satisfies SHT ≤ ET ≤ min{EIT , x * }. While for (1−c(ET ))ET < x * < ET < EIT , the OOPS exists only when the Cydia Pomonella control level ET satisfies ET ≤ τ 0 . In order to reduce the cost of Cydia Pomonella management, we set up optimization model and obtain a optimal control level. We verify that the integrated control strategy is more effective than chemical control and biological control by numerical simulation. Moreover, numerical simulations complement our theoretical results.
In this paper, system (2) is the case of biological control of [49] when x = h 1 , system (2)is the case of comprehensive control of [49] when x = h 2 . Therefore, our proposed control strategy is more general. Meanwhile, we formulate the optimization problem to minimize the total cost of Cydia Pomonella control.
In addition, the optimization problem proposed in this paper needs to be further improved. In future research, we will consider the specific functional relationship between cost and period, and cost and threshold to make our optimization more scientific and more realistic.
